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Combinatorial Optimization

« Combinatorial optimization problems

— Seek to find the best from all feasible solutions (the optimal
solution).

Integer programming
models, graph theory, etc

/

mathematical models
+

— How?

computational methods " branch and bound (CPLEX)
heuristics (evolutionary

computation, tabu search,

memetic algorithms, etc)
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Combinatorial optimization - Application

« Alarge number of practical problems in different areas can be modelled as
combinatorial optimization problems.

Energy

Biotechnology
Production planning

Logistics and transportation
Timetabling
Telecommunications
Molecular Biology
Agriculture
Material Engineering
Health
Public health management

Project scheduling
Graph Drawing
Data Analysis

August 22, 2014 THE UNIVERSITY OF
A/Prof Regina Berretta NEWCASTLE
AUSTRALIA




Analysis of biological data

CIBM - novel methodologies using
combinatorial optimization, information theory,
graph theory, to mention a few.

Data analysis
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Combinatorial Optimisation and Analysis of
“omic” data B

* Unsupervised methods — the goal is generally to find
groups of co-expressed genes/proteins/samples.

« Supervised methods — when we have class labels
associated to each experiment, with the objective, for
example, to build a classifier.

e We will see:

— A supervised approach — (a,B) - k - feature set
— An unsupervised approach — QAPGrid
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Feature set selection

 Feature set selection

— to reduce the large amount of data,

— selecting a set of features that help to discriminate between
classes of samples under study.

— k - Feature Set

— (a,p) - k - Feature Set
— Max Cover (o,f) - k - Feature Set
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k-Feature Set problem - input

Sample1 Sample2 Sample3 Sample4 Sample5 Sample6

Gene A 0 0 0 0 1 0
Gene B 1 1 1 1 0 1
Gene C 1 1 1 0 1 0
Gene D 1 1 1 1 0 0
Gene E 0 0 1 0 0 0
Label true true true false false false

August 22, 2014 THE UNIVERSITY OF
A/Prof Regina Berretta NEWCASTLE
AUSTRALIA




k-Feature Set problem

Sample1 Sample2 Sample3 Sample4 Sampleb Sample6

Gene A 0 0 0 0 1 0
Gene B 1 1 1 1 0 1
Gene C 1 1 1 0 1 0
Gene D 1 1 1 1 0 0
Gene E 0 0 1 0 0 0
Label true true true false false false
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k-Feature Set - graph representation

Gene A Gene B Gene C Gene D Gene E

A
v

(1,4) (1,5) (1,6) (2,4) (2,5) (2,6) (3,4) (3,5 (3,6)
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k-Feature Set problem - solution

a solution J

Gene A Gene C

e AN

(1,4) (1,5) (1,6) (2,4) (2,5) (2,6) (3,4) (3,5 (3,6)
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k-Feature Set problem - mathematical model

n
Mi .
m;f]

n

Eaqufj =1 V(p,q)label, =label,
=1

7€l 1}

Set covering problem — classical problem in
combinatorial optimization
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Feature Set problem - Complexity

* The k-Feature Set problem is NP-complete (Davies and
Russel, 1994).

 The parameterized version when the parameter is the
cardinality of the feature set is W[2]-Complete (Cotta and
Moscato, 2003).
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Feature Set problem - reduction rules

« QOperations Research — preprocessing

96

w

* Rules that can be applied to an instance to try to reduce
the instance size without removing the optimal solution
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Feature Set problem - reduction rules

Gene A Gene B Gene C Gene D Gene E f — 1

S

 Reduction 1: Include a feature since it is essential
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Feature Set problem - reduction rules

Gene D

« Reduction 2: delete a feature since it is dominated by
another feature.
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Feature Set problem - reduction rules

Gene B Gene C Gene D Gene E

« Reduction 3: Delete a pair of examples i because it will
be covered by any of the features chosen to cover the
pair /.
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(o,B) - k - Feature Set problem

 (Consider now that

— each blue node (pair of samples that belong to different classes)
should be covered by several features.

— samples with the same label should be explained

g

(a,p) - k - Feature set problem.
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(a,B) - k - Feature Set problem o

A

— represents the minimum number of features that must be different
in any pair of samples with different labels

* P
— represents the minimum number of features that

must be the same in any pair of samples with the
same label.
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(a,B) - k - Feature Set problem

Sample1 Sample2 Sample3 Sample4 Sample5 Sample6

Gene A 0 0 0 0 1 0
Gene B 1 1 1 1 0 1
Gene C 1 1 1 0 1 0
Gene D 1 1 1 1 0 0
Gene E 0 0 1 0 0 0
Label true true true false false false

August 22, 2014 THE UNIVERSITY OF
A/Prof Regina Berretta NEWCASTLE
AUSTRALIA




(a,B) - k - Feature Set - graph representation

(1,2) (1,3) (2,3) (4,5) (4,6) (5,6)

© 0 O

(1,4) (1,5) (1,6) (2,4) (2,5) (2,6) (3,4) (3,5 (3,6)
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(a,B) - k - Feature Set - graph representation

(3,5 (3,6)

(1,5) (1,6) (2,4) (2,5) (2,6) (3,4)

(1,4)
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(a,B) - k - Feature Set - graph representation

(1,2) (1,3) (2,3) (4,5) (4,6) (5,6)

© O

(1,4) (1,5) (1,6) (2,4) (2,5) (2,6) (3,4) (3,5 (3,6)

})Iution }
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(a,B) - k - Feature Set - mathematical model m

Y @ jpq =10 Wby g llbabl] bk,

N bipf; 2B Y(p.g)label, =label,
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(a,B) - k - Feature Set problem — solution 1

(1,2) (1,3) (2,3) (4,5) (4,6) (5,6)

© O

(1,4) (1,5) (1,6) (2,4) (2,5) (2,6) (3,4) (3,5 (3,6)

})Iution }
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(a,B) - k - Feature Set problem — solution 2

(1,2) (1,3) (2,3) (4,5) (4,6) (5,6)

another
solution

(1,4) (1,5) (1,6) (2,4) (2,5) (2,6) (3,4) (3,5 (3,6)
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Max Cover (a,) - k - Feature Set n

1 s
Mein N /1. Cc; = “coverage”
s ]f]] L of feature |

n

Eaqufj za Y(p,q)label, =label,

fizp Y(p.q)label, =label,

j=1

E bqu J
j=I
2=k

~
k = number of

features (solution
E{O 1} from previous model) )
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(a,B) - k - Feature Set problem — solution 1

(1,2) (1,3) (2,3) (4,5) (4,6) (5,6)

o O
Coverage
12+12=24

(1,4) (1,5) (1,6) (2,4) (2,5) (2,6) (3,4) (3,5 (3,6)
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(a,B) - k - Feature Set problem — solution 2

(1,2) (1,3) (2,3) (4,5) (4,6) (5,6)

o O
Coverage
12+15=27

A
Z AN

(1,4) (1,5) (1,6) (2,4) (2,5) (2,6) (3,4) (3,5 (3,6)
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Computational methods

* To solve the integer programming models presented we
use CPLEX (http://www.ilog.com/products/cplex)

« CPLEX has complete exact methods (Branch and bound,
Branch and Cut) to solve Integer Programming Models
like the ones presented here.

* Due to the complexity of the problem, we are developing
heuristics to tackle large instances.
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Example - NCI60 — different types of cancer m

e The NCI60 instance

— gene expression of 6,831 genes in 34 cell lines.

— Ross, D.T., Scherf U., Eisen M.B, et al. (2000), Systematic
variation in gene expression patterns in human cancer cell lines.
Nature Genetics 24(3), 227-235.
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Example - NCI60 — different types of cancer n

- 5 different groups of similar List of cell lines
. Central Nervous
number of cell lines. Sextam(CHE)  Rendl B

 We compare each group with
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Example - NCI60 — different types of cancer

« Complete missing values

— LSImpute EMarray algorithm (Bg, Dysvik and Jonassen, 2004).

* Discretization

— Entropy based heuristic (Fayyad and Irani’s, 1993)
— uses information from a feature to define a threshold

— evaluates the amount of information that can be gained when a
set of samples are divided in two non-empty sets

— It also excludes features that cannot provide a minimum of
information to organize the labels
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Example - NCI60 — different types of cancer n

* For each instance:

— Find the max o possible
« LE-767, ML-605

* This means, for instance, that a priori we know that there is no pair of
cell lines, with one belonging to the melanoma cell lines and the other

belonging to anyone of the other four groups, having more than 605
genes with different values.
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Example - NCI60 — different types of cancer n

* Find the size of the minimum cardinality a-f3 feature set,
with =0 and with amax

— LE - 1175 genes (a=767)
— ML - 850 genes (a=605)
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Example - NCI60 — different types of cancer n

* Finally, find the maximum (3 achievable by a Max Cover a-
B Feature Set (with a fixed to the previously obtained
maximum a priori values),

- LE - 1175 genes (a=767, p=703)
— ML- 850 genes (=605 (3=610)
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Example - NCI60 — different types of cancer o

1175 genes
a=767 p=703
Heat map ordered by the MA
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Example - NCI60 — different types of cancer n

850 genes
a=605 B=610
Heat map ordered by the MA

;7

Result fr Ross et
al, 2000

August 22, 2014 THE UNIVERSITY OF
A/Prof Regina Berretta NEWCASTLE
AUSTRALIA




Example - Prostate cancer n

Ravetti M., Berretta R., Moscato P., 'Novel biomarkers for prostate cancer
revealed by (a, B) -k-feature sets', Foundations of Computational Intelligence
Volume 5: Functional Approximation and Classification, Springer, Berlin,
149-175 (2009).

a=2,B=3, k=7

Table 3. Results comparison between our methodology and three recent works
in terms of accuracy to classify the test set. Two classes are considered, prostate
cancer (PC) and Normal (N), the results are compared using the number of errors
and accuracy for each class and the overall performance

PC Class N Class Overall
(o, B)-k F'S + PAM 2 (92%) 0 (100%) 2 (94%)
Wang [22] 11 (56%) 1 (89%) 12 (65%)
Orsenigo [20] 1 (96%) 1 (89%) 2 (94%)
Shah [21] 11 (56%) 0 (100%) 11 (68%)
PAM 0 (100%) 9 (0%) 9 (73%)
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QAPGrid

« An approach for Large-Scale Data Analysis and
Visualization

« (Goal: to obtain a drawing of correlated data based on the
relationship of the elements.

* The method is based on two main ideas:

— Proximity graph

* It can highlight interesting relationships between the elements of a
given graph.

— Quadratic Assignment Problem

« Well known combinatorial optimization problem
» Used to produce a layout of the elements.
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QAPGrid

« |nput data: a distance matrix D, elements.

nxn

— we can calculate the distance matrix using any suitable distance
function like Euclidean, Pearson Correlation, among many others.

« We build a complete graph G(V,E,W) where:

— V: set of n vertices in the graph (one for each element).
— E: set of edges. One for each pair of elements (i,j).
— W: set of edges’ weight. Represent the distance between i and j.
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Proximity graph - MSTKnn

* Itis a graph based clustering algorithm that constructs a
disconnected graph by computing the intersection of the edge
sets of the MST and k-NN proximity graphs

Complete graph Select edges
that are not
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QAPGrid

« Quadratic Assignment Problem

— Assign a set of n objects to m available locations, such that the
next function is minimized:

C(5)= i i Jilssi
i=1 j=I

» S(i): location of object i in the solution S.
* f;: flow between objects / and j.
* Ispsg: distance between positions of objects i and j.

August 22, 2014 THE UNIVERSITY OF
A/Prof Regina Berretta NEWCASTLE
AUSTRALIA




QAPGrid

« We create a large grid of m positions and use the
Euclidean distance between positions in the grid.

* Flow between objects i and j:
(1000

d
f;'j = 9 1]
d.

1fe ek

cluster 9

otherwise.
ij

« Two similar elements will have a high flow (and even
higher if they have and edge in the proximity graph), so a
good solution will put those elements closer in the grid.
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QAPGrid
B

* The proximity graph gives us c connected components.

« We create c smallest QAP problem instances, and they
are solved independently.

 Then we create an additional instance, with ¢ elements,
and the flow between each element is calculated as

follow: f
g .
pEG qc

We = |

! |
luster luster

« We solve now ¢ + 1 smaller mstances of the QAP
problem.
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Solving instances of QAP

 The QAP belongs to the NP-hard class

* The best optimal algorithms can solve instances
up to 30 elements to optimality.

 However, recent advances in metaheuristics
make possible to develop powerful techniques
that give good results in reasonable amount of
time.

* We proposed a Memetic Algorithm, which
incorporates a Tabu Search.
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Memetic Algorithm

* Memetic Algorithm (Moscato '89)

— Population-based metaheuristic.
— Evolutionary approach using local search strategies.

« Tabu Search

— Guide for local search
— Use of memory

« Description of implementation.

— Population of 13 agents organized in a hierarchical ternary tree.
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Memetic Algorithm

Set of
solutions

memeticAlgorithm()
pop = initializePop(); updatePop(pop)
repeat
for /=0 to 12

offspring =recombination(selectSol(parentA,parentB))
localSearchTS(offspring)
until max_number_of generations
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QAPGrid — Example - Languages m

 distance matrix for 84 Indo-European Languages from 9
families

» distances are based on the mean percent difference in
cognacy, using the 200 Swadesh words
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Figure 3. Result of QAPgrid on the Indo-European languages.
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Inostroza-Ponta M, Berretta R, Moscato P (2011) QAPgrid: A Two Level QAP-Based Approach for Large-Scale Data Analysis and
Visualization. PLoS ONE 6(1): €14468. doi:10.1371/journal.pone.0014468
http://www.plosone.org/article/info:doi/10.1371/journal.pone.0014468
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QAPGrid — Example — Gene expression - Yeast

* gene expression microarray dataset for yeast

« 2,467 genes on 79 samples corresponding to 8 different
experiments of the budding yeast

August 22, 2014

A/Prof Regina Berretta



Figure 9. Final layout produced by QAPgrid of the 79 samples of Eisen's yeast dataset [43].
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Inostroza-Ponta M, Berretta R, Moscato P (2011) QAPgrid: A Two Level QAP-Based Approach for Large-Scale Data Analysis and
Visualization. PLoS ONE 6(1): €14468. doi:10.1371/journal.pone.0014468
http://www.plosone.org/article/info:doi/10.1371/journal.pone.0014468
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Figure 11. Final layout of the clusters of yeast samples.
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Inostroza-Ponta M, Berretta R, Moscato P (2011) QAPgrid: A Two Level QAP-Based Approach for Large-Scale Data Analysis and
Visualization. PLoS ONE 6(1): €14468. doi:10.1371/journal.pone.0014468
http://www.plosone.org/article/info:doi/10.1371/journal.pone.0014468
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Figure 12. Grid layout of the 2,467 gene probes of Eisen's yeast dataset.
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Inostroza-Ponta M, Berretta R, Moscato P (2011) QAPgrid: A Two Level QAP-Based Approach for Large-Scale Data Analysis and
Visualization. PLoS ONE 6(1): e14468. doi:10.1371/journal.pone.0014468
http://www.plosone.org/article/info:doi/10.1371/journal.pone.0014468
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Figure 13. Grid layout of the 2,467 gene probes of Eisen's yeast dataset.
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Visualization. PLoS ONE 6(1): €14468. doi:10.1371/journal.pone.0014468
http://www.plosone.org/article/info:doi/10.1371/journal.pone.0014468
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Figure 14. Grid layout of the 2,467 genes probes of Eisen's yeast dataset.
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Figure 15. Grid layout of the 2,467 genes probes of Eisen's yeast dataset.
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Final remarks

* (a,p) - k - Feature Set problem

— select a set of elements that help to discriminate between classes
of samples under study

— q, B3, K, max-cover,...

* QAPGrid

— automatic visualization of correlated data.

— provides two levels of information: the grouping and the layout
itself.
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